Introduction {#Sec1}
============

Ever since quasicrystals (QCs) were first reported^[@CR1]^ they attracted great interest, because they apparently contradicted some basic concepts of crystallography^[@CR2]--[@CR4]^. Contrary to fully disordered solids and perfectly grown single crystals, characterized by their rotational and translational symmetries, QCs with their forbidden five-fold rotational symmetry and with the apparently lost translational order represented something in between the two categories. However, some of their properties contradict this distinction. Their shapes can be well developed and the corresponding diffraction patterns (DPs) show exceptionally sharp reflections, without any diffuse scattering, characteristic of short-range order, modulation, or any other deviation from an ideal crystalline structure.

Pauling was convinced that none of the existing crystallographic rules was violated in the newly discovered materials^[@CR5]--[@CR10]^. He believed these crystals were composed of twinned cubic domains with huge unit cells, whose basic building elements were composed of one Mn atom linked to twelve Al atoms. Although the existing experiments seemingly supported his model, he after all run into problems. Another major problem with Pauling's approach was, that no twin boundaries were ever detected in QCs^[@CR11]^.

Contrary to Pauling, a number of researchers^[@CR12]--[@CR18]^ considered QCs an exception to the known solid state structures, which required a novel approach. Their explanation was based on the so-called Amman tiling^[@CR19]^, the three-dimensional equivalent of the two-dimensional Penrose tiling. Likewise to two Penrose rhombic tiles filling a plane, their three-dimensional equivalents, the prolate and the oblate golden rhombohedra, will fill the space and form the QC structure.

It is shown in the present work that tiling in the icosahedral QC structure can also be properly explained by cyclic unit cell twinning^[@CR20],[@CR21]^, applied on primitive golden rhombohedra, forming thus intergrown twins without explicit twin-boundaries.

Results {#Sec2}
=======

Procedure {#Sec3}
---------

Instead of describing a QC structure in a hyper-space, the present description is based on twinning of the basic building units.

Dependent on the sizes and the composition of the constituent atoms a hypothetical parent face-centered cubic structure of an alloy may collapse into a primitive rhombohedral one along four equivalent directions. If the resulting rhombohedral angle is close to 63.43°, i.e. the angle of a prolate golden rhombohedron, it will lock into that angle and fill the local space by a five-fold cyclic twinning. Clusters with five-fold rotational symmetry will be formed, with the rhombohedra of adjacent clusters in contact stacked either in-phase, or will leave oblate interstitials.

The procedure of reconstructing the corresponding DPs was performed in two steps. First, the DPs of the individual golden rhombohedra of both types and their clusters were considered, giving information on the rotational symmetry of the constituent clusters. Second, Fourier transforms of larger structural models, composed of the clusters in contact were calculated and compared with the experimental DPs. The Fourier transforms should give information on both, the rotational as well as all possible translational periodicities, present in the model QC structure.

The structural units and their stacking {#Sec4}
---------------------------------------

First, the structure of the icosahedral star polyhedra and the corresponding DPs were considered. Twinned prolate golden rhombohedra were combined into a rhombic hexecontahedron (RH)^[@CR22]^ with the corresponding DPs constructed by overlapping individual contributions. No contributions from additional long-range ordering, formed across clusters surrounding the RHs, were considered at this stage.

The prolate (*a* = 0.435 nm, *α* ~*p*~ = 63.43°) and the oblate (*a* = 0.435 nm, *α* ~o~ = 116.57°) golden rhombohedra with *α* ~*p*~ + *α* ~*o*~ = 180°^[@CR23],[@CR24]^ were obtained by deforming a parent face-centered cubic structure with a random occupation of both constituent atoms, in accord with the stoichiometry of the compound. The unit cell edge was chosen to fit the experimental DPs of MnAl~6~, a representative of the icosahedral QCs. The rhombohedral angle was determined to fit the five-fold cyclic twinning with a rotational angle of (360/5)° = 72° around the rhombohedral 〈100〉 axes and with the twin-planes corresponding to the rhombohedral {100} planes. The diagonals along the three-fold axes make *d* ~*p*~ = 1.037 nm for the prolate and *d* ~*o*~ = 0.245 nm for the oblate golden rhombohedra. In case of MnAl~6~ and for the given parameters both constituent atoms are obviously too large (the atomic radii of Mn and Al are 0.135 nm and 0.143 nm, respectively) to be accommodated along the short diagonals of the oblate units. Consequently, the positions connecting the diagonals of the oblate rhombohedra can be only partly occupied. The shapes of both types of golden rhombohedra are determined by the shapes of their rhombic faces, whose diagonals are determined by the golden ratio $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi =\mathrm{(1}+\sqrt{5}\mathrm{)/2}\approx 1.61803$$\end{document}$. Twenty prolate units are needed to construct a RH, whose origin represents the center of the cluster formed around it. The remaining empty spaces between adjacent clusters of various sizes, which cannot be filled by the prolate rhombohedra, represent the oblate rhombohedral interstices of altogether thirty possible orientations.

The DPs of the twinned prolate and oblate rhombohedra were constructed under two assumptions. First, in accord with the experimental DPs, where the first-order low-index reflections appear much stronger in comparison with the weak second-order ones, only reflections with Miller indices $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{111}\le hkl\le 111$$\end{document}$ were included. Second-order reflections may be observed in over-exposed diffraction patterns, but if present at all, they will appear very weak. Second, to exclude reflections from higher Laue zones the lengths of the "spikes" were kept below Δ*S* ≤ 0.18 nm^−1^. Any other values in accord with the requirement to show all reflections belonging to the zero-order Laue zone and to exclude contributions from higher-order zones will give the same result. All rhombohedra, belonging to the same RH, were interrelated by rotating the starting rhombohedron into all possible twinned positions.

Similar twinned constructions were composed with the oblate golden rhombohedra, representing the interstices between the prolate units of the clusters in contact. Contributions from both polyhedral types to the DPs along the same directions were overlapped and positions of possible dynamical scattering were determined. This was done to show that any dynamical scattering will coincide with the reflections belonging to the Fibonacci series, discussed further down. As an example, the resulting overlapped DP along one of the twelve equivalent five-fold 〈01*ϕ*〉 (i.e. approximately 〈0, 34, 55〉) QC zone-axes is shown in Fig. [1](#Fig1){ref-type="fig"}.Figure 1The simulated diffraction pattern along one of the rhombic hexecontahedron five-fold axes, obtained by overlapping contributions from the prolate and the oblate twinned units. Two of five prolate (red) and oblate (blue) unit cells are indexed and their twinning plane (tp) indicated. Positions, where contribution from possible dynamical scattering might be found, are indicated by small black dots.

To simulate the DPs along any of the 〈111〉 zone axes, all twenty twinned prolate rhombohedra, belonging to a RH were rotated by 37.38°, i.e. the angle between the rhombohedral 〈100〉 and 〈111〉 directions, which correspond to the 〈01*ϕ*〉 five-fold and the 〈111〉 three-fold directions of the RH. By following the same procedure as in case of the five-fold zone axes, DPs along the three-fold axes, or along any other direction can be completed. The calculated DPs along the 〈01*ϕ*〉 and 〈111〉 icosahedral zone axes fit very well with the published experimental DPs of icosahedral QCs^[@CR9],[@CR25]--[@CR27]^. Since none of the published experimental DPs was indexed, comparisons with less symmetric zones were not undertaken.

The translational symmetry and the Fourier transform of an extended structural model {#Sec5}
------------------------------------------------------------------------------------

Next, the ordering between adjacent clusters, formed around particular RHs, was considered. The apparently lost translational symmetry in QCs was the main reason for classifying them as exceptions with regard to normal single crystals. The distances between multiply twinned five-fold rotational centers vary throughout the QC structure and form clusters of variable sizes around individual RH centers. It was recently shown how the icosahedral QCs grow, how this growth is influenced by defects and how a wrong initial stacking is modified during further growth^[@CR28]^. Regardless of the actual growing mechanism and the corresponding accommodation of the units composing the structure, the prolate as well as the oblate rhombohedra in contact across adjacent clusters are kept in exact phase relationships. As a result series of distinct periodicities are formed along equivalent directions, interrelated as members of a Fibonacci series. The actual periodicities depend on the orientations of the polyhedra, joining the clusters. The entire crystalline space is thus composed of intergrown twins without any obvious boundaries. The long-range translational order along all equivalent directions depends on the actual sequences of the differently oriented prolate and oblate rhombohedra. Consequently, the reflections in the reciprocal space, belonging to the series of periodicities in the crystal, are sharp and comparable to those of perfectly ordered single crystals. Thus, the apparently lost long-range order, being a result of the five-fold twinning, is replaced by a series of long-periodicities, all of them in proper phase-relationships, like the structure was continuous and not intergrown.

To study the contribution of the specific long-range ordering in the icosahedral QCs, a larger model structure, composed of twinned golden rhombohedra of both types, was constructed of altogether 1603 atoms of a single kind. These atoms represent e.g. in case of MnAl~6~ the disordered constituent Mn and Al atoms in their proper stoichiometric ratio. The structure is shown in Fig. [2](#Fig2){ref-type="fig"}, clearly showing the RH centers and the oblate rhombohedra interconnecting the clusters.Figure 2Two possible stackings of adjacent rhombic hexecontahedra. Two of the twenty prolate rhombohedra in both star polyhedra, interrelated by a center of symmetry, are drawn red to point out their stacking. Two oblate rhombohedra are drawn blue.

Sections through the three-dimensional Fourier transform (FT) of this model structure, performed perpendicular to one of the twelve equivalent five-fold axes is shown in Fig. [3](#Fig3){ref-type="fig"}. These sections correspond to the experimental DPs along the same zone axis.Figure 3A section through the Fourier transform of the model icosahedral QC structure (right) and the corresponding electron diffraction pattern, recorded along one of the twelve equivalent 〈01*ϕ*〉 icosahedral zone axes (left)^[@CR29]^.

Discussion {#Sec6}
==========

Five-fold twinning is a known crystal growing mechanism, most often found in nanoparticles and thin films^[@CR30]^. However, the twinning operation in these cases is applied to a crystal as a whole and thus limited to a single five-fold rotation. The icosahedral QCs with the specific structure can be likewise considered a result of cyclic twinning at the unit-cell level^[@CR20],[@CR21]^, i.e. with the twinning operation applied on the primitive golden rhombohedra. If a parent face-centered cubic cell is deformed into either of the four equivalent primitive prolate golden rhombohedra with *α* ~*p*~ = 63.43°, the space can be locally filled by forming RHs with twenty twinned prolate rhombohedra each. Clusters, formed around these RH star polyhedra, cannot be stacked together without leaving interstices in the form of oblate golden rhombohedra. However, the long-range order in icosahedral QCs is fully preserved. Instead of a single periodicity, a series of periodicities, interrelated as members of a Fibonacci series, is formed along equivalent directions. These periodicities depend on the orientation and the sequence of the prolate rhombohedra and the oblate interstices, which fill the remaining space. Consequently, QCs are twinned single crystals with preserved rotational, but in a certain way also translational symmetry. Since the twins are intergrown, they do not show clear twin-boundaries. The related long-range periodicities are determined by combinations of long and short segments, usually considered as sections through a higher-dimensional space^[@CR2]^. Intergrowth in QCs was suggested before already, e.g. by Mackay^[@CR31]^ and in one of the papers^[@CR32]^, where the QC structure was considered an interpenetrating incommensurately modulated structure, described as a three-dimensional section through a higher-dimensional space^[@CR32]--[@CR35]^. The related periodicities were described as structural modulations, induced by interacting intergrown subsystems^[@CR32]^. However, though mathematically elegant, descriptions in higher dimensions are connected with difficulties, lacking i.a. exact information on structural parameters, composition and consequently structure-to-properties relationships. A description by means of cyclic unit-cell twinning is fully equivalent with all other approaches and the structure can be considered by means of three-dimensional crystallography with all its advantages. There is also no need for considering the QC structure as being incommensurately modulated. Numerous cases are known, e.g. many quasi one-dimensional modulated structures^[@CR36]^, where descriptions in higher dimensions were replaced by alternative notations, describing separately the basic and the modulated structures. The icosahedral QCs represents yet another case, where the incommensurate modulation can be replaced by a series of translational periodicities.

Pauling's approach to the problem was obviously not adequate. Regardless of all arguments brought up in the debates that followed the discovery of QCs, he run into problems, because he tried to prove his ideas by applying twinning onto huge icosahedral unit cells. There are no forces in nature, able to act between atoms at distances of the order of nanometers and larger. Structures with huge unit cells can only be formed as a result of two or more competing mechanisms, whose relatively short periodicities coincide at large distances. That is also what makes the QC structure a specific case.

Multiple unit-cell twinning must be energetically favorable in comparison with the untwinned rhombohedral structure. Whether a parent structure will collapse into a less symmetric one will in metallic alloys depend on the size of the constituent atoms and the stoichiometry of the compound. Twinning of golden rhombohedra is thus a result of the need to reduce the energy and to fill the space accordingly.

It is well known that the DPs of high-quality QCs show exceptionally sharp reflections, whose full widths at half maxima of less than 0.001° are of the order of the x-ray instrumental resolution^[@CR37],[@CR38]^. Both, the sharp reflections and the very clear background are proofs of a near perfect ordering over large distances, comparable to the best ordered metallic crystals. This is supported by the fact that any multiple scattering coincides with the reflections belonging to distinct long-range periodicities of the Fibonacci series.

Conclusions {#Sec7}
===========

It is shown that tiling in icosahedral QCs is fully equivalent to cyclic twinning at the unit-cell level, with the twinning operation applied on primitive prolate golden rhombohedra. Multiple twinning of these rhombohedra forms centers with five-fold rotational symmetry and results in distinct long-range periodicities, interrelated as members of a Fibonacci series. The space is locally filled with RH stars of twenty prolate golden rhombohedra, while the interstices between adjacent clusters, formed around the RH centers, represent oblate golden rhombohedra of thirty possible orientations.

The intergrown twinned QC structure shows no explicit twin-boundaries. It can be properly described in the real three-dimensional space, with all its advantages in comparison with a description in a hyper-space.
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